Abstract This paper reports on a simple pure numerical method developed for computing Hansen coefficients by using recursive harmonic analysis technique. The precision criteria of the computations are very satisfactory and provide materials for computing Hansen's and Hansen's like expansions, also to check the accuracy of some existing algorithms.
INTRODUCTION
Hansen coefficient ( Cefola 1977 ) is an important class of functions which frequently occur in many branches of Celestial Mechanics such as planetary theory (Newcomb 1895 ) and artificial satellite motion (Allan1967; Hughes1977). Moreover , there are extensive forms of Hansen like expansions (Klioner et. al. 1998 ; Sharaf 1985 Sharaf , 1986 ) which play important roles in the expansion theories of elliptic motion. Giacalia (1976) noted that Hansen's coefficients appears in satellite theory in expression of the disturbing function due to the primary and due to the presence of a third body and they are usually called Eccentricity Functions. He derived recurrence relation for these functions and their derivatives, as they appear in the evaluation of geopotential and third body perturbations of an artificial satellite. Also in 1987, he proved Hansen's coefficients for Fourier series in terms of the mean anomaly correspond to a rotation of the orbital plane proportional to the eccentricity of the orbit. They are given in terms of Bessel functions and generalized associated Legendre functions which arise through the transformation of spherical harmonics under rotation. In 1981, Hughes computed tables of analytical expressions for the Hansen coefficients X n,±m o (e) and X −(n+1),±m o (e) when 1 ≤ n ≤ 30 and 0 ≤ m ≤ n. In 1990, Branham derived a recursive calculation of Hansen coefficients which are used in expansions of elliptic motion by three methods: Tisserand's method, Von Zeipel-Andoyer method with explicit representation of the polynomials required to compute the Hansen coefficients and von Zeipel-Andoyer method with the value of the polynomials calculated recursively. Vakhidov (2000) studied in detail efficient approximations of Hansen coefficients using polynomials in terms of the eccentricity. He and Zhang (1990) used Hansen coefficients to compute general perturbations of the asteroids of Flora group due to Jupiter. Breiter et.al (2004) show that most of the theory of Hansen coefficients remains valid for X γj k , when γ is a real number, also, the generalized coefficients can be applied in a variety of perturbed problems that involve some drag effects. Sadov (2008) deals analytically with the properties of Hansen's coefficients in the theory of elliptic motion considered as functions of the parameter η = √ 1 − e 2 where e is the eccentricity. In the present paper, we develop a simple pure numerical method for computing Hansen coefficients by ⋆ E-mail: hassanselim@hotmail.com using recursive harmonic analysis technique. The precision criteria of the computations are very satisfactory. The importance of the method is that it not only provides materials for computing Hansen's and also Hansen's like expansions but also, it can be used due to its simplicity and accuracy, to check the accuracy of the different algorithms already existing.
BASIC FORMULATIONS

Properties of Least -Squares
Let y be represented by the general linear expression of the form 
where
N is the number of observations, y is a vector with elements y k and Φ(L × N ) has elements ϕ ik = ϕ i (x k ) . The transpose of a vector or a matrix is indicated by the superscript ′ T ′ . According to the least-squares criterion, it could be shown that (Sharaf et.al.2000) -The estimators c given by the least-squares method give the minimum of q n .
-The estimators c of the coefficients c, obtained by the method of least-squares, are unbiased;
i.e.EC( c) = c -The variance-covariance matrix V ar( c) of the unbiased estimators c is given by
where G −1 is the inverse of G. -The average squared distance between c and c is
Harmonic Analysis of a Periodic Function
Let it be required to find a sum
which furnishes the best possible representation of a function u(x), when we are given that u(x) takes the values u o , u 1 , ..., u i−1 when x takes x o , x 1 , ..., x i−1 respectively , m being some number greater than 2s. The problem is to determine the (2s + 1) constants, a o , a j and b j ; j = 1, 2, ..., s so as to make the expression (5) takes, as nearly as possible, the l values u o , u 1 , ..., u i−1 when x takes the values x o , x 1 , ..., x i−1 . To do so we shall make use of the method of least squares and we get
Equations (7) are the normal equations. These equations represent a set of linear equations in (2s + 1) unknowns a ′ s and b ′ s coefficients and could be solved by any of the methods adopted for linear systems. However, the coefficient matrix of this set could be reduced to a diagonal one by certain choice of the arguments x k and in this case the a ′ s and b ′ s are determined exactly and the problem is known as harmonic analysis. In the method of harmonic analysis, the arguments x k take the special values;
For these values, the η ′ s, β ′ s and γ ′ s of Equations (7) become:
Consequently the a ′ s and b ′ s coefficients could then be computed exactly from
where µ = 1 if j = 0 ; µ = 2 if j > 0 .
Hansen Coefficients
Consider elliptic motion expansions of (r/a) n cos mv and (r/a) n sin mv in terms of the mean anomaly M that is,
where a is the semi major -axis , r the radial distance, n is a positive or negative integer ,while m is positive integer and v the true anomaly in elliptic motion . The A's and B's coefficients called Hansen's coefficients ,are functions of the eccentricity e. The relations between the eccentric anomaly E and the anomalies M, v are given for elliptic motion as follows:
-The relation between E and M is well know Kepler's equation
-The fundamental relations between v and E in an elliptic orbit are
These equations are the most useful relations between v(E) and E(v) , since 
Equation (13) is free of numerical trouble, no matter what the values of the angles are. Moreover, it can be easily used because the angle (v − E)/2 is always less than π 2 for all elliptic orbits.
-Finally the relation between r and E is 
where, for any j the F ′ s are computed recursively from
by using the initial conditions F i,j = F i+1,j = 0, starting with k = l − 1 to compute successively F i−1,j , F i−2,j , ..., F 1,j .
Error Estimates
-The variance of the fit (Equation (1)) is given by
where the sum of the squares of the residuals δ 2 is given as (Ralston & Rabinowitz1978)
Clearly both σ and δ depend on the number s of the a ′ s and b ′ s coefficients. If the precision is measured by probable error P E, then
-Since the coefficient matrix G of the harmonic analysis is diagonal with elements of the same value l/2 , then according to Equation (3) the standard error of each of the a ′ s and b ′ s coefficients is
The corresponding probable error for each coefficient is
-The average squared distance between the exact and the least -squares values (Equation (9)) is given according to Equation (4) as
Choosing the Number of the Coefficients
In practice ,since we do not know s , we would evaluate a ′ s and b ′ s coefficients for s = 1, 2, , then compute δ 2 (Equation(19)), and continue as long as δ 2 decreases significantly(within a given tolerance T ol) with increasing s .
The Special Values
The special values of the left hand sides of Equation (10) are computed as follows: (11)) by Newton-Raphson iterative method (or any other method). Let E o be an initial approximation of E; define for k = 0, 1, 2, ...
For each M solve Kepler's equation (Equation
Each E k+1 should approximate E more closely than E k . For the initial approximation E o use the value (Battin1999)
The above procedure is terminated if the following conditions are satisfied
where ε 1 is a given tolerance and H(E) = M − E − e sin E. 3. For each E compute v using Equation (14) and ( r a )
n from Equation (10) 4. For each v compute cos(mv). 5. Finally, find the product of the values of ( r a ) n (of step 3)and cos(mv) (of step 4).
Numerical Results
The above computational developments are applied for calculating Hansen's coefficients of Equation (10) with input constants as l = 100, T ol = 10 −6 and ε 1 = 10 −8 . The numerical results are listed in Tables I to Table V I for 
CONCLUSION
In concluding the present paper, pure numerical method is developed for computing Hansen coefficients by using recursive harmonic analysis technique. The precision criteria which are: the variance of the fit, the standard errors of the coefficients and the average squared distance between the exact and least squares values, are all very satisfactory. The method is not only provide materials for computing Hansen's and also Hansen's like expansions but also can be used to check the accuracy of the different algorithms that already exist. 6.76933 × 10 6.01269 × 10 7.9854 × 10 
